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Abstract 

We propose a new approach to utilities that is consistent with state- 
dependent utilities. In our model utilities reflect the level of consumption 
satisfaction of flows of cash in future times as they are valued when the 
economic agents are making their consumption and investment decisions. 
The theoretical framework used for the model is one proposed by the 
author in Dynamic State Tameness (arXiv:math. PR/0509139). The pro- 
posed framework is a generalization of the theory of Brownian flows and 
can be applied to those processes that are the solutions of classical Ito sto- 
chastic differential equations, even when the volatilities and drifts are just 
locally 5-Holder continuous for some S > Q. We develop the martingale 
methodology for the solution of the problem of optimal consumption and 
investment. Complete solutions of the optimal consumption and portfo- 
lio problem are obtained in a very general setting which includes several 
functional forms for utilities in the current literature, and consider gen- 
eral restrictions on minimal wealths. As a secondary result we obtain a 
suitable representation for straightforward numerical computations of the 
optimal consumption and investment strategies. 

1 Introduction 

The problem of optimal consumption and investment for a "small investor" 
whose actions do not influence market prices is at the core of portfolio manage- 
ment and it is the building block for the development of equilibrium theory. The 
modern treatment of this problem when asset prices follows Ito processes started 
with the seminal works of Merton [s^ and Merton Is^ . Using a "martingale" 
approach, Cox and Huang [lo|. and Karatzas et al. |23l| solved the problem in 
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more general settings in the case of complete markets. A representation for- 
mula is derived in Ocone and Karatzas [40| in terms of expectation of random 
variables which involve Malliavin derivatives of the coefficients of the model. 
The latter gives theoretical formulas for optimal portfolios and consumption 
strategies. 

In order to obtain numerical representations for the structure of the optimal 
portfolios and consumption processes it is natural to use methods based on the 
dynamic-programming approach. However numerical schemes based on PDEs 
become increasingly difficult to evaluate when the dimension of the underlying 
state variable increase and even standard techniques are somehow inappropriate 
for the solution of the PDE that arises in small dimensions (Dangl and Wirl 
As a result attention has been directed to models admitting closed form solutions 
(i.e Watchter Kim and Omberg [23, Lioui and Poncet HJl), specifications 
which are computationally tractable based on dynamicprogramming techniques 
(Brennan et al. 0, Brennan 0, Brennan and Xia 0, Campbell et al. Q ), 
discrete time models based on approximated Euler equations (Balduzzi and 
Lynch [iL Dammon et al. Campbell and Viceira IBl , and Campbell and 
Viceira or Monte Carlo tecniques (Cvitanic et al. [ij and Detemple et al. 

However, the main drawback of the standard models for optimal consump- 
tion and investment is their lack of agreement with empirical data. These 
inconsistencies are documented with the name of several puzzles such as the 
"equit y pr emium puzzle" (Mehra and Prescott [sil). the "risk- free rate puzzle" 
(Weil [42|), and "risk-aversion puzzle" (Jackwerth |22|) . In order to address 
these problems several generalizations have been proposed. One of these models 
habit formation for consumers. Some examples are Constantinides 0, Hindy 
and Huang , Hindy et al. , Hindya et al. . Another approach is the 
construction of recursive utility. Some references for this are Duffie and Ep- 
stein Epstein and Zin ^3 ^^'^ Lazrak and Quenez A different way 
to account for the discrepancy of theory and empirical data is the assumption 
of transaction costs for changes in consumption levels. Some references for this 
approach are Magill and Constantinides , Shreve and Soner , Davis and 
Norman |0| to cite a few. 

In fact one of the reasons why the standard utility models fail to fit economic 
behavior might be the fact that state independent utilities are not a ppr opriate 
for modeling the behavior of human beings. For instance, see Karni [2g , Karni 
[25I 1. Partly motivated by the above, some literature in finance has focused on 
state-dependent utilities to explain the behavior of individual consumers and 
investors and of financial variables. Some recent references arc Chabi-Yo ct al. 
0, Melino and Yang js^l and Dantine et al. among others. 

In this paper we propose a new approach for utilities. Mathematically it 
looks similar to the standard model for utilities, but we interpreted it in a way 
that is consistent with state-dependent utilities. The traditional approach is to 
consider that utilities reflect the level of "happiness" for consumption levels in 
the future (discounted by the value of money in a bank account). See Karatzas 
and Shreve j^] . We believe that in complete markets where an agent can hedge 
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any flow of money, this view is inappropriate. To simplify things let us assume 
that a time horizon [0, T] is fixed, and is the time when the agent is making 
his decision on an optimal consumption level and investment and there is not 
any preference for terminal wealth. Our guiding principle is the believe that 
agents have utilities for consumption of flows of money in future times as they 
are valued (by the market) at the time when they are making their consumption 
and investment decisions. Another way to look at this, is that people tend 
to value things according to their social and economic context, instead of just 
looking at quantitative values. For instance people tend to appreciate more the 
ability to have enough money to pay off their debts in depression times than 
the ability to buy luxuries in good times. The above remark changes completely 
the optimization problem to consider, with the advantage that most of the tools 
used to solve the old problem can be used in this setting. In particular the 
martingale methodology is available. A consequence of adopting this approach 
is that complete solutions of the optimal consumption and portfolio problem are 
obtained in a very general setting that includes several of the functional forms 
for utilities in the literature, and considers quite general restrictions of minimal 
wealth. As a secondary result we obtain suitable representation for straight- 
forward numerical computations of the optimal consumption and investment 
strategies. 

The theoretical framework used to solve the above problem is the one pro- 
posed in Londoho |34l |. In this introduction we just named the processes de- 
scribed in the cited paper as consistent measurable processes; these are processes 
whose evolution between any two times only depends on the evolution of the 
underlying Brownian motion and satisfies some consistency conditions. The 
methodology described can be used in processes that are a generalization of 
Brownian flows (Kunita jl^), and is applicable to those processes that are the 
solutions of classical Ito stochastic differential equations, even when the volatil- 
ities and drifts are just locally (5-H61der continuous for some 6 > 0. It can 
also be straightforwardly adapted to stochastic volatility models whose under- 
lying drifts and volatilities evolution are described by classical stochastic Ito 
differential equations. As discussed in Londono [s^l the theoretical framework 
is potentially useful when the underlying randomness is generated by a (not 
necessarily continuous) Levy process. At the same time the theoretical frame- 
work described in Londoiio |2J| is a particular case of the theory of arbitrage 
and valuation presented in Londoho ■ To the best of our knowledge this 
theory of arbitrage and valuation is the most general existing theory in the case 
of (continuous) scmimartingalcs driven by Brownian filtrations with continuous 
coefficients. 

A brief explanation of the heuristics of using consistent measurable processes 
in finance (in the problem of optimal consumption and investment) is given 
below. When an agent enters an economy, it would be desirable that any decision 
made during his lifetime would depend only on events that are happening within 
the time framework defined by the current time and the entering time, and on 
the state of the economy when he enters; we hope to be able to show to the 
reader that this is the case throughout this paper. Although this might be a 
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simplification that is likely not to be truthful, in the long run events in the 
past (before the agent entered the economy) become neglectful. Even more 
important, past aware models necessarily make the entering time a privileged 
one; the entering time would be the only time when no past information is 
required (besides the information contained in the current state of the model). 
Moreover, it would imply that the decision making process of agents would 
depend on their entering time, regardless of identical preferences over their 
lifetime. The previous remark also applies to the standard basic time-additive 
utility function maximization model (Karatzas and Shreve [3). Let us expand 
on this point further. Assume that two agents decide to start investing in the 
market at two different times, let's say the first agent starts investing at time 
t = 0, and the second agent starts investing at time t = 1; assume that both 
agents have the same live expectation (to simplify things, assume that both are 
planing to leave the economy at time < = 2), and they do not have any additional 
source of income. Moreover, assume that both agents have identical preferences 
over consumption partners for times 1 < t < 2, and at time t = 1 they have 
identical amounts of wealth. We believe that any reasonable model should 
produce identical levels of consumption and investment, assuming that they are 
the result of some kind of optimization procedure. Unfortunately, this is not the 
case for the basic time-additive utility function maximization model (Karatzas 
and Shreve |2^) when the processes are allowded to be general semimartingales. 
In fact, when an agent chooses his optimal consumption process at time over 
the time framework [0,2], the agent is free to use portfolios and consumption 
processes that at any time "know" all the previous information between the 
given time and the initial time {t = 0). In particular the consumption and 
portfolio processes for times t £ [1,2] would be "aware" of all the information 
before time t = 1, and therefore a priori they would be different from the ones 
that are the result of the optimization procedure that the second agent is making 
at time t = I (with no previous information gathered). Note that the above 
does not hold for models which are solutions of stochastic differential equations 
whose coefficients are deterministic functions. 

Next we describe the contents of the pa per . In section [3 we review the 
model and definitions presented in Londoho |34j . and review the definitions of 
utility that we use in this paper. In section |2| we present a martingale method- 
ology needed to address the cited problem for the model described in Londoho 
13) that plays the role of the martingale methodology of Cox and Huang , 
Karatzas et al. [l^l and Ocone and Karatzas 01 in the current context. Finally, 
in section^lwe present the main results on optimal consumption and investment. 



2 The model 



First we introduce some notation which will be frequently used in this paper. 
Let D C M.^ be a open connected set. Let m be a non-negative integer. We de- 
note by C"^''^(D: R") the the Frechet space of m-times continuous differentiable 
functions whose m-order derivatives are (5-IIolder continuous with semi-norms 
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||/||m,(5: K defined in Kunita Section 3.1] where ii' C D is a compact set 
and 6 < S < I. In case m = (or 5 = 0) we denote C""'''(]D): R") simply by 
C"'(D: M") (C™(ID): R")). 

We assume a d-dimensional Brownian Motion {W{t), J-t\0 <t <T} starting 
at and defined on a complete probability space (fi, T, P) where J- = J-t and 
< t < T} is the P augmentation by the null sets of the natural filtration 
JPW' ^ o-(H/(s),0 < s < t). Let {Ts,t) = {^^,t,0 < s<t<T} be the two 
parameter filtration where Ts,t is the smallest sub cr-field containing all null sets 
and (t[Ws[u) \ s <u<t), where Ws{u) = W{u) - W{s). For each < s < T 
we also define the cr-field Vs of progressive measurable sets after time s as the 
a-field of sets P G S([s, T])®Ts,t, the product tr-field, such that Xp(i, w), t> s, 
is a Ts,t progressive measurable (in t) process, where % is the indicator function. 
We denote by /is the measure on Vs defined by Hs{P) = E I Xp(s, i^) dt. 

For definitions of consistent processes see Londoiio [321 • However for the 
sake of completeness we review these definitions here. Let (/^(s, t,x,uj), Q < s < 
t < T, a; £ D be a IR"-valued random field on the probability space (fi,^, P). 
We call it a continuous C""'''(]D): W^)-semimartingale if : i — > i^(s,i, •), is a 
measurable random field with values in C""'''(D: M"), that is a continuous {J-s,-) 
semimartingale process decomposed as (p{s,t,x) = tfioc{s,t,x) + ipfv{s,t,x), 
where ipioc{s, •, •) is a continuous C™'''(D: R")-local-martingale, and iy9/t>(s, •, •) 
is a continuous C"''''(D: M")-process of bounded variation for each < s < 
T. A pair (a, 6) where a{s,t,x,y) and b{s,t,x) are measurable random fields 

(-progressive measurable in for all x, ?/ G D, < s < T, is said to be 
the local characteristics of Lp, if (q(s, ■, x, y), b(s, x)) is the local characteristic 
of (fs = (p{s,-,-) (see Kunita |29j) for any s < t < T. In addition, a pair 
((7,6) where (t(s,<,x) is a measurable random field with values in L(R'^: M"), 
where L(K'^: E") denotes the set of matrices with size n x d, (^s_t)-progressive 
measurable in t, for all .t G D, < s < T , and b is as above is said to be the 
volatility and drift processes of ip if 

(pioc{s,t,x){uj) ^ / cr{s,u,x)dWs{u), 

J s 

for all X, s, t and oj. If b{s, ■, ■) and cr{s, ■, ■) are processes of class C'™''' for all 
< s < T , we shall say that (p has volatility and drift of class C™'''. 

Let ip{s,t,x) and il}{s,t,x) be continuous C(D; M") and C(D: D) semi- 
martingales, respectively; in addition, it is assumed that ip(s^s,x) = x for all 
a; G B, and < s < T. Wc say that the process 1^9 is a tp- consistent semi- 
martingale process if for each < s < s' < T there exists a set Ns.s' G Ps> with 
A*s'(-^s,s') = 0, such that (p{s,t,x) = (f{s' ,t,ip{s, s' , x)) for all {t,Lj) ^ -/V^^s' and 
all X G D. We say that the process is a consistent semimartingale process if 
(/? is a iy9-consistent process. 

We assume n + 1 stocks whose evolution price process P is a consistent 
C{M.'^^: M"~''"'^)-semimartingalc. For < i < n we define the price per-share 
process for the i-stock, Pi, to be the P-consistent C(M"^^ : R+)-semimartingale 
process P^ = {P^{s,t,p) = TT, oP{s,t,p),p G M"+\0 < s <t<T} where tt^ de- 
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notes the projection on the z-component. We assume consistent progressive 
measurable P-consistent processes aij, bi, 5i, r, and 9i of class C^{W^^ : M) for 
some 6 > 0, where R+ denotes the set of real positive numbers. It is assumed 
that (Jij, hi, Si, r, and 9i relate to P through the following stochastic differential 
equations 



dPi{s,t,p) = P,{s,t,p) 



h{s,t,p)dt+ '^^J{s,t,p)dW^it) 

i<3<d 

Pi{s, s,p) = p.i,i = 1, . . . ,n 



where W'^{t) = W'{t) ~ W^{s), and, 



dPo{s,t,p) = Po{s,t,p) 



-r{s,t,p)dt- e,{s,t,p)dWl{t) 
i<j<d 

Po{s,s,p) =po 



Throughout this paper we shall assume that 9{s,-,p) G ker^((T(s, -jp)), 
(where ker"'"((T(s, -jp) denotes the orthogonal complement of the kernel of 
u{s, ■,p)) and, 

b{s,t,p) + 5{s,t,p) - r{s,t,p)\n = a{s,t,p)9{s,t,p) 

a.e. p,s, for aU p e M!^+\ and < s < T, where 1^ = (1, ■ • • , 1) e M". This 
latter assumption implies that there are not state-tame arbitrage opportunities 
(see Londoho [s^). 

The process of bounded variation B = {B{s, t,p)}, whose evolution B{s, ^p). 



pri+l 



< s < T is given by the stochastic differential equation 



dB{s,t,p) ^ B{s,t,p)r{s,t,p)dt, B{s,s,p)^l, for < s < t < T 



will be called the bond price process. 

We shall say that ~ {P,b,a,5,r,p^) is a financial market with terminal 
time T and initial time 0, if 6 = [bi, . . . , bn) is a vector of rate of return processes, 
(7 = (cTij) is a matrix of volatility coefficient processes, 5 = (5i,...,(5„) is a 
vector of dividend rate processes, r is an interest rate process, and 9'{s,t,p) = 
{9\{s, t), - ■ ■ , 9d{s, t)) is the market price of risk, and p^ E M"^^ is a vector of 
initial prices. 

We define the state price density process to be the continuous C(M"^"'^ : R+)- 
semimartingale process defined by 



H{s,t,p) = B-^{s,t,p)Z{s,t,p) iorpe <s<t<T 



where 



Z(s,t,p) =cxp|-^ 9'{s,u,p)dW.,{u) -i^ 



i / \\9is,u,p)f du\ 
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for < s < t < T, and B-'^{s,t,p) = l/B{s,t,p). 

Assume that r = {ts(x,p);0 < s < T, .t G R,p G M"^^} is a measurable 
family of stopping times. A wealth structure is a triple [X, r, xq), where Xo S K, 
and X = {X(s,t,a;,p);x G M,_p G IR"+\0 < s < < < Ts{x,p)}, is a family 
of continuous semimartingale processes with the property that ((X, P),t) is a 
consistent stopping structure where (X, P) is defined as 

(x,p) = {(x(s,t,x,p),p(s,i,p)),x G R,p G r:;:+\s < t < Ts{x,p)} . 

It is also assumed that the drift and volatility of the process {{X,P),t) is of 
class for some S ^ 5-^ > 0. We say that Xq is the initial value for the 
wealth process, and we say that {X,t) is a wealth evolution structure; we shall 
denote this by writing {X, r) G X{A4). For the definition of consistent stopping 
structure, measurable family of stopping times, and related ones, see Londofio 
0. 

For the sake of completeness we also review the definition for consistent 
stopping structure. Let r = {t(s, x), a; G D, < s < T} be a family of stopping 
times with values in [0, T], and semimartingales processes with drift and volatil- 
ity of class C™'''. It is assumed that for each < s < T, a; G D, t{s,x) is a 
stopping time relative to the filtration {!Fs,t',s < t < T} with values in [s,T], 
and that t{s,x){ll}) is a measurable random field that is lower semi-continuous 
with respect to {s,x). Assume that ip{s,t,x),0 < s < t < t{s,x),x G D is a 
a family of process with values in IR'^, with ipT = {ip{s,T{s,x) At,x),0 < t < 
T;x,0 < s < T} where s At ^ min{s,i} is a C(D: M'^)-semimartingale. We 
shall say that [ip, r) is a consistent stopping structure if for each < s < T 
there exist Ns G Ps, fJ'siNs) — with Ts{x) — TtAT{'4'{s,t A t,x)) for all 
(t, ui) ^ Ns and all x. We say that the consistent stopping structure r) 
is of class C™'''(D: M'^) if ipr is a process of class C™'''(ID): M'^). Given a con- 
sistent stopping structure ('(/', r), we say that a family of R"-valued processes 
(f = {ip{s,t, x), s < t < Ts(a;); a; G 0, < s < T} is a if) -consistent process with 
random time r, if (pr is a ■i/'T-consistent measurable process with two parameters. 
Similarly, we say that is a process of class C" '"^ (D: M") if is a process of 
the same class. 

Let F be a continuous semimartingale process with random time r with drift 
and volatility of class (where the positive number 5 depends on F) with the 
property that F(s, s, x,p) = and 

F(s, t', X, p) + T{t', t, X{s, t', x,p),P{s, t',p)) = F(s, t, x,p) 

for all a; G M, p G K"^"'^, and < s < Tg{x,p). We say that a process F 
as above is an income evolution structure for the wealth evolution structure 
{X,t), and we say that (X, F, r) is a wealth and income evolution structure. 
If F(s,t, a;,p) < for all x, p, s < t < Ts{x,p) we say that F is a con- 
sumption evolution structure for the wealth evolution structure (X, r). Let 
(ttctt) = {(7ro(s, t, a;,p), 7r(s, t, a;,p)); X G M,p G M"^"^,0 < s <t < Ts{x,p)} be 
a (X, P)-consistent progressive measurable process of class for some (5 > 
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with random time t, and tTq + 7r'l„ = X satisfying 

i3^^(s, t,p)X{s, t,x,p) ~ X + J B^^{s, u,p) dr{s,u, x,p) 

B^^{s, u,p)'!t'{s, u, x,p)a{s, u,p) dWs{u) 



t 

B~^{s, u^p)tt' [s, u, x,p){b{s, u,p) + S{s, u,p) ~ r(s, u,p)l„) du 

for all a- G M, < s < t < T,,(x,p), p e M"+\ Wc say that ((ttq, tt), T, r) as above 
is a portfolio evolution structure with random time t, financed by the income T. 
We say that a wealth evolution structure {X,t) G X{M.) is financed by the 
income structure T, if there exists a portfolio evolution structure ((ttq, tt), F, r) 
with random time t with ttq + 7r'l„ = X. In this case we say that (X, T, r) is a 
hedgeable wealth-income structure. 

Next we discuss the concept of utility that we shall use in this paper. 

Definition 1. Consider a function U: (0,00) ^ M continuous, strictly 
increasing, strictly concave and continuous differentiable, with U'{oo) = 
\im^^ooU'{x) = and U'{0+) = lim^^o C^'(a;) = 00. Such a function will be 
called a utility function. 

Classic examples of utility functions are Ua{x) = x" /a for some a £ (0, 1), 
< a; < 00, and U{x) — log(a;). For every utility function U{-), we shall denote 
by /(•) the inverse of the derivative [/'(■); both of these functions are contin- 
uous, strictly decreasing and map (0,00) onto itself with /(0-I-) = U'{0+) = 
\im^^Q+ U'{x) = 00, /(oo) = ]in\x~*oo I{x) = U'{oo) — 0. We extend U by 
J7(0) — {7(0"*"), and we keep the same notation to the extension to [0, 00) of U 
hopping that it would be clear to the reader to which function we are referring. 
It is a well known result that 

max {U{x) - xy) ^ U{I{y)) - yl{y), < y < 00 (1) 

0<a;<oo 

Definition 2. Consider a continuous function Ui: [0,T] x (0, 00) M, such 
that Ui{t, •) is a utility function in the sense of Definition^ for all t G [0, T]. 
It follows that Ii{t,x) = {dUi{t,x)/dx)~^ , the inverse of the derivative ofU, is 
a continuous function. Similarly if a utility function U2 ■ (0, 00) i— > R is given 
then l2{t,x) ~ {dU2{t,x)/dx)~^ is continuous. Let us denote 

X{t,y)^h{y)+ h{t',y)dt'. (2) 

We shall call a couple of functions as above a state preference structure. 

Under the conditions outlined in the previous definition, it is easy to see 
that X : [0, T] x (0, 00) (0, 00) is a continuous function with the property that 
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for each t, X{t, ■) maps (0, oo) onto itself, is strictly decreasing with X{t, 0+) = 
liniy^o -^(i, y) = oo and X{t, oo) = liniy^oo X{t, y) = 0. 

We extend Ui and U2 by defining C/i(t,0) = C/(t,0+), for all < i < T 
and 112(0) = 1/2(0^), and we keep the same notation to the extension of Ui to 
[0, r] X [0,00), and the extension of U2 to [0, cxo). We hope that it would be 
clear to the reader to which function we are referring. 

We point out that defined for each t as X~^{t, ■), the inverse of X{t, •), 
share the same properties to the some mentioned for X. We next discus the 
meaning of those utility functions defined above. We should interpret Ui{t,x), 
for t £ [0, T] the level of "happiness" for an agent consuming x units of wealth 
per unit of time at time t, as valued at time 0, when the agent is planning its 
consumption. Similarly, we should understand for U2 (x) the level of "happiness" 
for an agent having a final wealth of x units (at time T) as valued at time 0. 
This is contrary with the traditional approach where an agent has preferences 
on their consumption behavior according to their value as discounted by a bank 
account, and is closer in approach to a utility function that is state dependent. 
See the literature on state dependent utilities cited above. 

For s < t define a(s,t) = X{s,X-^{t, •)). Then a{s,t) = a{s,t') o a{t' ,t) for 
all s, t, and t' in [0, T], where o denotes standard composition of functions. We 
also observe that if a^{s,t) = Ii{s,X~^{t,-)) then a^{s,t) oa{t,s) = a^{s,s). 
Throughout this paper we shall assume the following condition on the utility 
structure. 

Condition 1 (Homogenity). Let {1/1,1/2) be a state preference structure de- 
fined as above. For all s,t ^ [0,T] there exist constants ag^t o-nd a], such that 
a{s,t){x) — as,tx, and a-'{s,s){x) = a^x where a{s,t) and a^{s,t) are defined 
as the previous paragraph. In this case we say that {1/1,1/2) is a homogeneous 
state preference structure. 

A way to sec this is to say that the structure for the utility preferences 
remains the same as time evolves. We next describe some important examples 
that fit the previous conditions. 

Example 1. Assume a continuous positive function h: [Q,T] (0, cxo), and 
assume that Ui{t,x) = x°'h{t) and U2{x) = ex" with a G (0, 1) and c > 0. This 
is an state preference structure that satisfies Condition Indeed in this case 



Example 2. Assume a continuous positive function h as above, and assume 
that Ui{t,x) = h{t)log{x) and U2{x) = clog(a;), with c > 0. It follows that this 
is a state preference structure that satisfies Condition with 



ci/(i-")+/J/ji/(i-")(t')dt' 




ci/(i-") + /J/ii/(i-")(t')d<' 



as,t = 



c + jjh{t')dt' 
c + /i(t') dt' ' 




c + /f h{t') dt' 



h{t) 
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Example 3. Let Ui{t,x) = h{t)u{x / h{t)) and U2{x) = cu{x/c), where u{-) is a 
utility function, h{-) is a positive continuous function and c > 0. It follows that 
{Ui, U2) is a state preference structure that satisfies Condition Q In this case 

_ c + /J h{t') dt' J _ hit) 

c + h{t') df' * c + h{t') dt' 

In particular, when /i = 1 wc obtain that Ui(t, x) = u{x), and U2{x) = cu{c~^x) 
for some c > define a state preference structure that satisfies Condition ^ 



3 A Martingale approach 



Definition 3. Assume that (X, F, r) G X{Ai) is a wealth-income evolution 
structure. Assume that T = E — C , where 



dC{s, t, x,p) = c(s, i, x,p) dt 



(3) 



and, 



dE{s,t,p) = e{s,t,p) dt (4) 

for non-negative {X, P) consistent processes c and e of class for some 6 > 0. 
Moreover assume that 



E 



H{s, u,p)£{s, u,p) du 



< 00 



for all p S K" , and < s < T. Similarly assume that 



E 



-ff (s, u,p)c{s, u, x,p) du 



< 00 



for all p e Wl, x e M. and < s < T . 

We should say {X, c, e, t) as above is a rate of consumption and endowment 
evolution structure. We shall say that c is the consumption rate evolution 
structure, and e is the endowment rate evolution structure. We also say that 
E is a cumulative endowment structure, and C is a cumulative consumption 
structure. 

A minimal wealth structure L is a P consistent process with drift and volatil- 
ity of class for some 6 > where L{s, •,p)H{s, -jp) is uniformly bounded 
below for all p, s, (where the bound might depend on p and s) such that 



'E,[H{s,t,p)L{s,t,p)] < 00 



for all p, s and t. 



We should emphasize that the name might be confusing, since a minimal 
wealth structure is not a wealth structure in the sense defined above. However 



10 



we keep the name for consistency with standard use. It is natural to beheve 
that the evolution of income due to labor only depends on the evolution of the 
state of the economy and not on the current wealth of an agent. 

Typically we are interested in consumption and endowment structure evo- 
lution structures whose wealth remains above some given process. Next we 
present the definition that embodies this idea. 

Definition 4. Let {X, e, c,T) (denoted by {X,e,c)) be a hedgeable (by a state 
tame portfolio ) cumulative consumption and endowment evolution structure, as 
in Definition\^ with portfolio evolution structure (ttojTt). We shall say that the 
couple (tt, c) of portfolio on stocks and rate of consumption, is admissible for 
(L, e) and write (tt, c) £ A{L, e) if for any x, s and p with x > L(s, s,p) 



If there is not portfolio on stocks and rate of consumption for {L, e) we should 
say that the class cited above is empty, and we would denote this by A{L,e) = 

For any hcdgcablc wealth and income evolution structure {X, E ~ C) with 
(tTjc) admissible for {L,e) it must hold that 



for any x > L{s,s,p), where the latter follows since the process defined by 
equation © is a super-martingale. It is often the case that L{s, T,p) = for all 
s and p. In these latter case the condition for the previous equation becomes 



Next we explain the problem that we arc interested to solve in this paper. 
We assume a minimal wealth structure L and an endowment rate evolution 
structure e. The control stochastic problem that we propose to solve concerns 
a small investor that at time has an initial capital x, is constrained to not let 
his wealth to fall below a minimal wealth process L(0, has a rate of endow- 
ment process, £(0, -yp) and has at his disposal portfolio/consumption processes 
(tt, c) G A{L, e). The following PropositionQlis a direct consequence of Londoho 
PJ, Theorem 2]; it provides conditions under which A{L, e) ^ %. 

Proposition 1. Assume a minimal wealth structure L, and a rate evolution 
structure e as in Definition^ Assume that 



is a martingale for all s, p. Then, there exist a cumulative consumption and 
endowment evolution structure {X,0,e) with (7r,0) G A{L,e) where tt is the 
portfolio on stocks defined by X . 



X{s,t,x,p) > L{s,t,p) 



a.e. 



(5) 
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Proof Define X by 



X{s,t,x,p) = L{s,t,p) + {x- L{s,s,p))H ^{s,t,p) 

It follows using Londolio 0, Theorem 2] that {X, 0, e) is the desired cumulative 
consumption and endowment evolution structure. □ 

The following condition is needed in order to solve the problem of optimal 
investment and consumption under less strict conditions on the minimal wealth 
structure. For the following condition let (X, c, £, r) be a rate of consumption 
and endowment evolution structure with discounted payoff process defined as 

Y{s, t, x,p) = H{s, t,p)X{s, t, x,p) + / H{s, u,p) (c(s, u, x,p) — e{s, u,p))du. 

J s 

(6) 

Condition 2. Let (X, c, e, r) be a rate of consumption and endowment evolution 
structure, as above. We assume that for all stopping times r G SiX), and 
< s < T the function 

(ps,r{x,p) = E [Y{s,t At{s,x,p),x,p)] 

is a continuous function in {x,p), and the given family of functions is an 
equicontinuous set of functions on compact sets (in {x,p) ), where sAt = min(s, t) 
and it is assumed that sup0 = oo. Here S{X) denotes, the family of stopping 
times that are {X, P) -consistent. Moreover assume that there exist positive con- 
stants 7 > 1, ai, a2, 013, (3o, ■■ ■ , /3„, with a^^ + a^^ + 0^3 ""^ + ^"=0 A < 1 such 
that the random field Y{s, t, x,p) satisfies 

E[| Yix,p,s,t)-Yix',p\s',t') n < 

c{\s-s'r + \t-t'r + \x-x'r +f2\p^- t 

i=0 



This condition is usually satisfied when X is a process that solves a stochastic 
differential equation. For instance, see Kunita 0, Lemma 4.5.6]. The last 
inequality is needed in order to obtain a continuous modification of the random 
field and its conditional expectation. See Kolmogorov's continuity criterion for 
random fields (Kunita [29I Theorem 1.4.1 and Exercise 1.4.12]). In the following, 
conditional expectations of stochastic processes are the continuous modifications 
of the given stochastic processes. 

For the problems of optimal consumption and terminal wealth that we de- 
scribe below we shall assume that the minimal wealth structure is defined in a 
way such that the discounted minimal wealth process of an agent can not fall 
below the current value of future endowments, 



H{s,t,p) 



T 

H{s,u,p)s{s,u,p) du I Ts,t 



(7) 
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for < s < i < r, p G M". In fact is not difficult to see that the family of 
stochastic processes defined by the last equation, is a minimal wealth process 
with A{L,e) ^ 0, since the discounted payoff process Y{s,t,p) satisfies 



Y{s,t,p)^His,t,p)L(s,t,p) 



H{s, u,p)e{s, u,p) 

H{s,u,p)e{s,u,p)du\ J^s. 



and therefore is clearly a martingale. In fact, Proposition ^ is a consequence of 
a more general theorem stated below. It allows to solve the problem of optimal 
consumption and investment under more general minimal wealth structures. 

Theorem 1. Let (X, c, e, r) be a rate of consumption and endowment evolu- 
tion structure as in Definition\^with cumulative endowment and consumption 
structures C , and E as defined by equations ^ and Q respectively. If the 
family of processes defined by equation (jBJ are martingales for each x, p, s then 
{X,E — C) is a hedgeable wealth-income structure. Moreover, ifY{s,-,x,p) is a 
super-martingales for each x, p and s, and Condition\^holds, then (X, E — C) is 
dominated by a hedgeable wealth-income structure {X' , E—C). See Londono iSA l 
for the definition of this concept. In particular, if a minimal wealth evolution 
structure L is given such that 



H{s,t,p)L{s,t,p) 



H{s, u,p)e{s, u,p)du 



is a super-martingale for all s, and p with the property that for all x G 



X > L{s, s,p) + E 



H{s, u,p)c(s, u, x,p) du 



(8) 



then there exist a hedgeable wealth and income evolution structure {X' , E — C) 
with portfolio on stocks -k' , such that X'{s,t,x,p) > L{s,t,p) for all s, p, t, and 
X, satisfying equation In particular (7r',c) € A{L,e). 

Proof The first part of the proof is a straightforward consequence of Londono 
Theorem 2 and Theorem 3] . For the second part of the proof we observe 
that if X is defined by 



X{s,t,x,p) ^ L{s,t,p) + 
1 



-E 



H{s,t,p) 



H{s,t,p) 
X — L{s, s,p) — E 



H{s,u,p)c{s,u, x,p)du I Ts^t 



II{s, u,p)c{s, u, x,p) du 



then (X, E — C) is a wealth income evolution structure with the property that 
the process defined by the equation JHJ above, is a super-martingale for any x, 
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p, and s. As a consequence of the above there exist a hedgeable wealth and 
income evolution structure (X', E — C) dominating (X, E — C). It follows that 
for any x satisfying equation X' {s^t,x,p) > L{s,t,p) for all p, s and t. □ 

It is clear from the previous theorem that it is still possible to consider 
minimal wealth structures more general that the ones wc pursue in this paper 
(those that satisfy equation {T))). 



4 Consumption and Portfolio Optimization 

In this paper we are interested in solving the optimization problems presented 
in this section. We assume a state preference structure {1/1,1/2) ■ We also as- 
sume a minimal wealth- income structure L, defined as in equation with an 
endowment rate evolution structure e. 

Problem 1 (Utility from consumption). Under the hypotheses assumed 
here the problem of maximization of utility from consumption is defined to be 
the problem of maximizing of expected utility of discounted consumption, 



Vi{x,p)= sup E /" Ui{t,H{0,t,p)c{0,t,x,p))dt, 

(TT,c)eAi{L,e,x) Jo 
T 



for all p and x > — E 



/p H{0,u,p)e{0,u,p) du 
Ai (L, e, x) I (tt, c) € AiL, : E ^ [t, 



where 



H{0,t,p)c{0,t,x,p))dt < 00 



and Ui {t,x) = —{Ui{t,x) A 0). We shall say that Vi is the value function for 
the problem of optimization of utility from consumption. 

Problem 2 (Utility from terminal wealth). Under the hypotheses assumed 
in this section the problem of maximization of utility from terminal wealth 
is defined to be the problem of maximizing the expected utility from discounted 
terminal wealth at time T , 

V2{x,p)^ sup E[c/2(i/(o,r,p)x(o,r,x,p))], 



for all p and x > — E 



/J" H{0, u, p)e{0, u, p) du 



, where 



A2{L,e,x) ^ {(7r,c) e A{L,e): E [U2 {H{Q,T,p)X{{),T,x,p))\ < 00} 

and U2 {x) = —{U2{x) A 0). We shall say that V2 is the value function for the 
problem of optimization of utility from terminal wealth. 

Problem 3 (Utility from both consumption and terminal wealth). Un- 
der the hypotheses assumed above the problem of maximization of utility from 



14 



both consumption and terminal wealth is defined to be the problem of maxi- 
mization of expected utility from consumption and terminal wealth, 



V{x,p)= sup E[/" Ui{t,H{0,t,p)c{0,t,x,p))dt 

{■jT,c,x)eA{L,e,x) Jo 



for all p and X > — E H{0,u,p)e{0,u,p) du 



+ U2iHiO,T,p)X{0,T,x,p))] 
, where 



A{L, e, x) = Ai{L, e, x) n A2iL, e, x). 

We shall say that V is the value function for the problem of optimization of 
utility from consumption and terminal wealth. 

A few words are needed here. With the help of Proposition it is also 
possible to consider more general optimization problems when the restriction 
on minimal wealth is not necessarily the current value of future endowments 
as defined by equation Q. However in this paper we do not pursue this line 
of research, and we believe this is an open area of research were more general 
restrictions on minimal wealth could be studied. 

We also point out that docs not play any special role, and the concepts 
like wealth, cumulative income, portfolio process, state preference structure, 
value functions and alike can be carried out for any time interval [s,T] with 
< s < T. The above remark allows us to consider parameterized utility 
preference structures with parameter < s < T, defined on the time interval 
[s,T]. This models how an agent can change preferences as time evolves. In 
Londoho [s^ we study the investment and consumption behavior of agents that 
change preferences as the result of aging. 

The problems consider above are different from the standard problems of 
optimal consumption and investment, see for instance (Karatzas and Shreve 
|2J|). First, the optimization problems are over portfolio and consumptions 
which are consistent. Second, it looks at utility functions as reflecting the level 
of satisfaction over levels of consumption in Problem^ final wealths in Problem 
El and on both in Problem|3| as valued by the market when the agent is making 
his consumption and investment decisions (at time 0). 

Let us define 



n(s,t,p)^-E 



H{s,u,p)e{s,u, p) du \ Ts,t 



(9) 



For any x > Il{t,t,p) wc define y{t,x,p) as the unique solution of 

x{t,y{t,x,p)) = x-n{t,t,p) 

where X is defined by equation (0). It follows that y{t,x,p) = X^^{t,x 
U{t,t,p)). 



15 



Theorem 2. Assume the hypotheses of Problem\^ and in addition assume that 
{Ui,U2) is a homogeneous state preference structure (see Condition^ . Define 
^ as 



^{s,t,x,p) = 



H-\s,t,p) {I{{s,t,p) + X{t,y{s,x,p))) ifx > n(s,s,p) 
H^^{s, t,p) (n(s, t,p) + X — n(s, s,p)) otherwise, 



and let c be defined as 

A I H~^{s,t,p)Ii{t,y{s,x,p)) ifx>U{s,s,p) 



c{s,t,x,p) 



otherwise. 



Then, (^,c, e) is a hedgeable cumulative consumption and endowment structure, 
with portfolio (tt, c) £ A{L,e) that is optimal for the problem of optimal con- 
sumption and investment. The value function is given by 

Vix,p) = G{0,yiO,x,p)), 

where ^ 

Gis, y)^ Ui {t, h (t, y))dt + U2{h{y)) 

for Q < y < oo. The corresponding optimal portfolio on stocks is 

t, x,p) + n{t, P{s, t,p)) + Mt, Pis, t,p))) i<^<jT\b + 6 - rl„)(s, t,p)- 

(</>i(t,P(s,i,p),-- - ,(/)„(i,P(s,i,p)))' (10) 

where 

nit,p)^nit,t,p), ^^it^p) ^ p^^EpA o<z<n 

OPi 

Proof Let us point out that Conditionnimplics that ^ is a (consistent) process, 
and clearly it is Lipschitz continuous. The homogeneity also implies that c is a 
(.^, P) consistent process of class We observe that 

Y{s, t, x,p) = H{s, t,p)^{s, t, x,p) + / H{s, u,p){c{s, u, x,p) — e{s, u,p)) du 



(11) 



E / H{s,u,p)e{s,u,p) du — 'E / H{s,u,p)e{s,u,p) du \ J^s 

J s J s 



is a martingale, and therefore Theorem ^ implies that (^,c, e) is a cumulative 
consumption and endowment structure with portfolio (7r,c) S A{L,e). Next, 
we observe that for x > n(s, s,p) 

E[J Ui{t,H{s,t,p)c{s,t,x,p))dt] 

+ E[C/2(i/(5, T, p)as, T, X, p))] ^ G(s, y(s, X, p)) 
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and, if (X',e, c') is a hedgeable rate of consumption, endowment and wealth 
evolution structure, then for x > n(s, s,p), 



E[^ Ui{t,H{s,t,p)c'{s,t,x,p))dt + U2{H{s,T,p)X'{s,T,x,p))] < 



Gis,y{s,x,p))~y{s,x,p) J h{t,y{s,x,p))dt + h{y{s,x,p)) 

+ y{s,x,p)^ H{s,T,p)X'{s,T,x,p) + / H{s,u,p) [c'{s,u,x,p))du 

<G{s,y{s,x,p)) 

where the first inequality is a consequence of equation and the last inequality 
is a consequence of the fact that the process defined by equation © is a super- 
martingale for any hedgeable wealth-income structure. 

Next we prove that the optimal portfolio satisfies equation (|1(J|I . It is known 
that the corresponding optimal portfolio should satisfy 

a'{s,t,p)TT{s,t,x,p) = H^'^{s,t,p)ip{s,t,x,p) +^{s,t,x,p)d{s,t,p) 

where (p{s,t,x,p) is the process such that 

Y{s,t,x,p) = X + / ip'{s,u,x,p) dWs{u) 



Using the uniqueness of the decomposition of a continuous semimartingale as 
local martingale and a process of bounded variation, Ito's rule, and the fact that 
e is a P consistent process, it follows by a straightforward computation that the 
optimal portfolio is given by equation H1(J|I . □ 

Remark 1. If £ is a P consistent process where E j'^ H{s,u,p)e{s,u,p) du \ !Fs.t 
is a deterministic function then the proof of the above theorem shows that the 
optimal portfolio is 

TT{s,t,x,p) = {aa'y^{b + 6 - rln){s,t,p)^{s,t,x,p) 

One important example of the above case is when there are not additional 
income to invest in the portfolio. 

Remark 2. One of the consequences of Theorem |21 is that the solution to 
Problem O above, under the hypothesis that the state preference structure is 
homogeneous, is also homogeneous in the sense that we explain next. For any 
time < s < T the solution c) of Problem|31(as well as its associated optimal 
portfolio) satisfies the property that its restriction to the time interval [s,T] 
is also optimal for the problem of optimal consumption and investment after 
time s (where the definition of the solution to the problem has been outlined 
after the definition of the solution to the problems of optimal consumption and 
investment). The latter remark is a consequence of the proof of Theorem |3 
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Next, we present without proof the solution to the problem of optimal con- 
sumption and investment when there is not any preference on partial consump- 
tion of final wealth. The proof is similar to the proof of Theorem|21 and is left to 
the reader. In order to state the following theorem wc introduce the functions 

X,{t,y)^J^ h{t\x)dt\ X2{y)^l2{v) 

and ^ 

Gi{t,x) = J^ Ui{t,h{t',y))dt' G2{y) = U2{h{y)) 

for 2/ > and < t < T. Wc also set yi{t,x,p) = X:['^{t,x - Il{t,t,p)), and 
y2{t,x,p) = X.2'^{x - n(i,t,p)) for a; > and < < < T. 

Theorem 3. Assume a homogeneous state preference structure and minimal 
wealth-income structure {Ui,U2), L defined as in equation with an endow- 
ment rate evolution structure s. Define as 



^i{s,t,x,p) = 
and let c\ be defined as 
ci{s,t,x,p) = 



H-\s,t,p) {n{sxp) + Xi{t,yi{s,x,p))) ifx> n(s,s,p) 

H^^{s, t,p) (n(s, t,p) -\- X — n(s, s,p)) otherwise, 



H i(s,t,p)/i(t,yi(s,2:,p)) if X >Il{s,s,p) 
otherwise. 



Then, (^i,ci,£) is a cumulative consumption and endowment structure, with 
portfolio (ttijCi) G A{L,e) that is optimal for the problem of optimal consump- 
tion and investment. The value function is given by 

Vi{x,p)=Gi{0,yi{0,x,p)), 

for < y < oo, and optimal portfolio on stocks 

{^i{s,t,x,p)+n{t,P{s,t,p))+Mt,P{s,t,p))){aa')-\b + d-rln){s,t,p)- 

{Mt,P{s,t,p),--- ,^„{t,Pis,t,p))y, 

where H, and (t)i, < i < n are defined as in Theorem\^ 

Theorem 4. Assume a homogeneous state preference structure and minimal 
wealth-income structure, L defined as in equation with an endowment rate 
evolution structure e. Let ^2 be defined as 



^2{s,t,x,p) = 



H-\s,t,p) {Il{s,t,p) + X2{t,y2{s,x,p))) tfx>Il{s,s,p) 
H^^{s, t,p) (n(s, t,p) + X — n(s, s,p)) otherwise. 
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Then, {^2,0, s) is a cumulative consumption and endowment structure, with 
portfolio {tt2 , 0) G A{L, e) that is optimal for the problem of optimal consumption 
and investment. The value function is given by 

= 6(^2(0, 

for < y < oo, and the optimal portfolio on stocks is 

iUs, t, x,p) + n{t, P{s, t,p)) + Mt, P{s, t,p))) [acT')-\b + 5-rl^)[s, t,p)- 

iMt,Pis,t,p),--- ,Mt,Pis,t,p))Y (12) 

where II, and (pi, < i < n are defined as in Theorem\^ 

References 

Pierlugi Balduzzi and A. Lynch. Transaction costs and predictability: Some 
utility cost calculations. Journal of Financial Economics, 52:47-78, 1999. 

Michael J. Brennan. The role of learning in dynamic portfolio decisions. 
European Finance Review, 1:295-306, 1998. Computational financial mod- 
elling. 

Michael J. Brennan, Eduardo S. Schwartz, and Ronald Lagnado. Strategic 
asset allocation. J. Econom. Dynam. Control, 21(8-9):1377-1403, 1997. 
ISSN 0165-1889. Computational financial modelling. 

Michael J. Brennan and Yihong Xia. Dynamic asset allocation under in- 
flation. Journal of Finance, 57:1201-1238, 2001. 

John Y. Campbell, George Chacko, Jorge Rodriguez, and Luis M. Viceira. 
Strategic asset allocation in a continuous-time VAR model. J. Econom. 
Dynam. Control, 28(11):2195-2214, 2004. ISSN 0165-1889. 

J.Y. Campbell and L.M. Viceira. Consumption and portfolio decisions 
when expected returns are time varying. Quarterly Journal of Economics, 
114:433-495, 1999. 

J.Y. Campbell and L.M. Viceira. Who should buy long-term bonds? Amer- 
ican Economic Review, 91:99-127, 2001. 

Fousseni Chabi-Yo, Rene Garcia, and Eric Renault. State de- 
pendence in fundamentals and preferences explains risk-aversion puz- 
zle. Working Papers 05-9, Bank of Canada, 2005. available at 
http: / /ideas. repec.org/p/bca/bocawp/05-9. html. 

[9] G. M. Constantinides. Habit formation: A resolution of the equity premium 
puzzle. Journal of Political Economy, 98:519-543, 1990. 



19 



[1 

[2: 
[3: 

[4 

[6: 

[7: 
[8: 



[10] John C. Cox and Chi-fu Huang. Optimal consumption and portfolio policies 
when asset prices follow a diffusion process. J. Econom. Theory, 49(1) :33~ 
83, 1989. ISSN 0022-0531. 

[11] Jaksa Cvitanic, Levon Goukasian, and Fernando Zapatero. Monte Carlo 
computation of optimal portfolios in complete markets. J. Econom. Dy- 
nam. Control, 27(6):971-986, 2003. ISSN 0165-1889. High-performance 
computing for financial planning (Ischia, 1999). 

[12] Robert M. Dammon, Chester S. Spatt. and Harold H. Zhang. Optimal 
consumption and investment with capital gains taxes. Review of Financial 
Studies, 14:583-616, 2001. 

[13] Thomas Dangi and Franz Wirl. Investment under uncertainty: calculating 
the value function when the Bellman equation cannot be solved analyti- 
cally. J. Econom. Dynam. Control, 28(7):1437-1460, 2004. ISSN 0165-1889. 
Mathematical programming. 

[14] Jean-Pierre Dantine, John B. Donaldson, Christos Giannikos, and Hany 
Guirguis. On the consequences of state dependent preferences for the pric- 
ing of financial assets. Finance Research Letters, 1:143-153, 2004. 

[15] M. H. A. Davis and A. R. Norman. Portfolio selection with transaction 
costs. Math. Oper. Res., 15(4):676-713, 1990. ISSN 0364-765X. 

[16] Jerome B. Detcmplc, Rene Garcia, and Marcel Rindisbachcr. A monte 
carlo method for optimal portfolios. Journal of Finance, 58(l):401-446, 
2003. 

[17] D. Duffie and L. (Appendix C with C. Skiadas) Epstein. Stochastic differ- 
ential utility. Econometrica, 60:353-394, 1992. 

[18] L. Epstein and S. Zin. Substitution, risk advertion and the temporal behav- 
ior of asset returns: A theoretical framework. Econometrica, 57:937-969, 
1989. 

[19] A. Hindy and C. F. Huang. Optimal consumption and portfolio rules with 
durability and local substitution. Econometrica, 61:85-122, 1993. 

[20] Ayman Hindy, Chi-fu Huang, and Steven H. Zhu. Numerical analysis of a 
free-boundary singular control problem in financial economics. J. Econom. 
Dynam. Control, 21(2-3):297-327, 1997. ISSN 0165-1889. 

[21] Ayman Hindya, Chi fu Huanga, and Steven H. Zhu. Optimal consump- 
tion and portfolio rules with durability and habit formation. Journal of 
Economic Dynamics and Control, 21(2-3):525-550, 1997. 

[22] J. C. Jackwerth. Recovering risk aversion from option prices and realized 
returns. Review of Financial Studies, 13(2):433-451, 2000. 



20 



[23] loannis Karatzas, John P. Lehoczky, and Steven E. Shreve. Optimal port- 
folio and consumption decisions for a "small investor" on a finite horizon. 
SIAM J. Control Optim., 25(6):1557-1586, 1987. ISSN 0363-0129. 

[24] loannis Karatzas and Steven E. Shrevc. Methods of Mathematical Finance, 
volume 39 of Applications of Mathematics. Springer- Vcrlag, New York, 
1998. 

[25] Edi Karni. A definition of subjective probabilities with state-dependent 
preferences. Econometnca, 61(1):187-198, 1993. ISSN 0012-9682. 

[26] Edi Karni. Subjective expected utility theory with state-dependent prefer- 
ences. J. Econom. Theory, 60(2):428-438, 1993. ISSN 0022-0531. 

[27] Tong Suk Kim and Edward Ombcrg. Dynamic nonmyopic portfolio behav- 
ior. Review of Financial Studies, 9:141-161, 1996. 

[28] Hiroshi Kunita. Stochastic flows and stochastic differential equations, vol- 
ume 24 of Cambridge Studies in Advanced Mathematics. Cambridge Uni- 
versity Press, Cambridge, 1990. ISBN 0-521-35050-6. 

[29] Hiroshi Kunita. Stochastic flows and stochastic differential equations, vol- 
ume 24 of Cambridge studies in advanced mathematics. Cambridge Uni- 
versity Press, Cambridge, New York, Melbourne, 1990. 

[30] Ali Lazrak and Marie Claire Quencz. A generalized stochastic differential 
utility. Math. Oper. Res., 28(1):154-180, 2003. ISSN 0364-765X. 

[31] Abraham Lioui and Patrice Poncet. On optimal portfolio choice under 
stochastic interest rates. /. Econom. Dynam. Control, 25(11):1841-1865, 
2001. ISSN 0165-1889. 

[32] Jaime A. Londoho. State tameness: A new approach for credit constrains. 
Electronic Communications in Probability, 9:1-13, January 2004. 

[33] Jaime A. Londono. Dynamic state dependent utilities. Working paper, 
2006. 

[34] Jaime A. Londoho. Dynamic state tameness. Available at 
http: / /math. ucr.edu/~jlondono/papers/dynamic_tameness.pdf, 2006. 

[35] Michael J. P. Magill and George M. Constantinidcs. Portfolio selection 
with transactions costs. J. Econom. Theory, 13(2):245~263, 1976. ISSN 
0022-0531. 

[36] R. Mehra and E. Prescott. The equity premium: A puzzle. Journal of 
Monetary Economics, 15:145-161, 1985. 

[37] Angelo Melino and Alan X. Yang. State dependent preferences can explain 
the equity premium puzzle. Review of Economic Dynamics, 6:806-830, 
2003. 



21 



[38] Robert C. Merton. Lifetime portfolio selection under uncertainty: the con- 
tinuos time case. Review of Economics and Statistics, 51(3):247~257, 1969. 



[39] Robert C. Morton. Optimum consumption and portfolio rules in a 
continuous-time model. /. Econom. Theory, 3(4):373"413, 1971. ISSN 
0022-0531. 

[40] Daniel L. Oconc and loannis Karatzas. A generalized Clark representation 
formula, with application to optimal portfolios. Stochastics Stochastics 
Rep., 34(3-4):187-220, 1991. ISSN 1045-1129. 

[41] S. E. Shreve and H. M. Soner. Optimal investment and consumption with 
transaction costs. Ann. Appl. Probab., 4(3):609-692, 1994. ISSN 1050-5164. 

[42] Jessica Watchtcr. Portfolio and consumption decisions under mean- 
reverting returns: An exact solution for complete markets. Journal of 
Financial and Quantitative Analysis, 37(1):63-91, 2002. 

[43] O. Weil. The equity premium puzzle and the risk-free rate puzzle. Journal 
of Monetary Economics, 24(3):401-421, 1989. 



22 



